By regarding gravity as the convolution of left and right Yang-Mills theories together with a spectator scalar field in the bi-adjoint representation, we derive in linearised approximation the gravitational symmetries of general covariance, p-form gauge invariance, local Lorentz invariance and local supersymmetry from the flat space Yang-Mills symmetries of local gauge invariance and global super-Poincaré. As a concrete example we focus on the new-minimal (12+12) off-shell version of simple four-dimensional supergravity obtained by tensoring the off-shell Yang-Mills multiplets (4 + 4, NL = 1) and (3 + 0, NR = 0).
In Einstein's general theory of relativity the requirement that the laws of physics be the same to all observers is embodied in the principle of general covariance: the equations must be invariant under arbitrary coordinate transformations. Fermions require in addition local Lorentz invariance and many models of interest also incorporate local supersymmetry and local p-form gauge invariance. The purpose of this paper is to derive, in linearised approximation, all these gravitational symmetries starting from those of flat-space Yang-Mills, namely local gauge invariance and global (super)-Poincaré.
Early attempts to derive gravity from Yang-Mills were based on gauging spacetime symmetries such as Lorentz, Poincaré or de Sitter [1] [2] [3] [4] [5] . More recently, the AdS/CFT correspondence has provided a different link between gravity and gauge theories [6] [7] [8] . However, our approach will differ from both in important respects. We appeal to the idea of "Gravity as the square of Yang-Mills" by tensoring left and right multiplets with arbitrary nonAbelian gauge groups G L and G R . Squaring Yang-Mills is a recurring theme in attempts to understand the quantum theory of gravity and appears in several different forms: Closed states from products of open states and KLT relations in string theory [9] [10] [11] , on-shell D = 10 Type IIA and IIB supergravity little-group representations from on-shell D = 10 super Yang-Mills little-group representations [12] , asymmetric orbifold contructions [13, 14] , gravity anomalies from gauge anomalies [15] , (super)gravity scattering amplitudes from those of (super) Yang-Mills [16] [17] [18] [19] [20] [21] [22] [23] in various dimensions, (ambi)twistor strings [24] [25] [26] etc.
In a recent paper [27] we addressed the Yang-Mills origin of the global non-compact supergravity U-dualities G and their compact subgroups H by giving a division algebra R, C, H, O description of D = 3 Yang-Mills with N = 1, 2, 4, 8. Tensoring left and right on-shell multiplets yields a magic square RR, CR, CC, HR, HC, HH, OR, OC, OH, OO description of D = 3 supergravity with N = 2, 3, 4, 5, 6, 8, 9, 10, 12, 16 . This 4×4 square in D = 3 is the base of a "magic pyramid" with a 3 × 3 square in D = 4, a 2 × 2 square in D = 6 and Type II supergravity at the apex in D = 10 [28] . In this paper we focus instead on the Yang-Mills origin of the local gravitational symmetries of general covariance, local Lorentz invariance, local supersymmetry and p-form gauge invariance acting on the classical fields.
Although much of the squaring literature invokes taking a product of left and right Yang-MiIls fields
it is hard to find a conventional field theory definition of the product. Where do the gauge indices go? Does it obey the Leibnitz rule
If not, why not? Since the idea of squaring originates with the open ⊗ open = closed property of string theory, one route is to go back and forth between asking how string states would behave and then imposing the same rules on the fields. See, for example, Siegel [10, 11] . Here we present a G L × G R product rule within field theory which is valid whether or not there is an underlying string interpretation:
where Φ ii ′ is the "spectator" bi-adjoint scalar field introduced by Hodges [24] and Cachazo et al [21] and where ⋆ denotes a convolution
, and, importantly obeys
and not (2) . Working with covariant fields rather than physical states favours an off-shell formalism. So although in principle our construction should work in any spacetime dimension D in the purely bosonic case and any D ≤ 10 in Typeset by REVT E X the supersymmetric case, we prefer to work with supermultiplets for which the off-shell formalism is known. For concreteness we focus on N = 1 supergravity in D = 4, obtained by tensoring the (4 + 4) off-shell
. Interestingly enough, this yields the new-minimal formulation of N = 1 supergravity [29] with its 12+12 multiplet (e a µ , ψ µ , V µ , B µν ), whose transformation properties we now recall, first in superspace and then in components.
The new-minimal formulation of N = 1 supergravity is described by a superfield ϕ µ transforming at linearised level separately under local transformations with chiral parameter S µ and real parameter φ and under global super-Poincaré with parameters a, λ, ǫ:
where δ (a,λ,ǫ) F = (aP + λM + ǫQ +ǭQ)F [30, 31] . We shall now derive this result by tensoring left and right Yang-Mills multiplets. The left supermultiplet is described by a vector superfield V i (L) transforming at linearised level separately under local Abelian gauge transformations with parameter Λ i (L), non-Abelian global G L transformations with parameter θ i (L) and global super-Poincaré:
Similarly the right Yang-Mills field 
The spectator bi-adjoint scalar field transforms under non-Abelian global G L × G R and global Poincaré:
The gravitational symmetries are reproduced here from those of Yang-Mills by invoking the gravity/YangMills dictionary:
Noting that the structure constant terms cancel, the variation
gives
in agreement with (6) .
To make contact with component formalism we go to Wess-Zumino (WZ) gauge. As usual one applies a supergauge transformation with field dependent chiral param-
leaving only the standard (Abelian) gauge transformations δA µ i (L) = ∂ µ σ i (L) unfixed. In this gauge the dictionary (10) leaves three non-zero components,
which correspond to the conventional new-minimal multiplet. However, we must still check consistency with the parameter dictionary given in (10) . Applying the chiral supergauge transformation,
implied by the WZ gauge fixing of V i (L) consistently reduces the new-minimal superfield ϕ µ to precisely the three components determined by the field dictionary (13). The remaining vector supergauge parameter,
is then comprised of only the required local gauge transformations. Explicitly δϕ µ | W Z = ∂ µ φ| W Z gives
where
illustrating how the local gravitational symmetries of general covariance, 2-form gauge invariance, local supersymmetry and local chiral symmetry follow from those of Yang-Mills. Similar rules may also be found in [10, 11] by applying to fields the product (1) which is well-defined only when acting on open string states. The issues of gauge indices and the Leibnitz rule are not addressed. By contrast, we insist on a self-contained field-theoretic approach 1 . To preserve the WZ gauge the supersymmetry transformation of V i (L) is accompanied by a field dependent compensating supergauge transformation
This leads to a gravitational compensating supergauge transformation via the dictionary,
which consistently preserves the WZ gauge choice imposed on ϕ µ . By making a field redefinition V µ → V µ + H µ , where H µ = (⋆dB) µ , and shifting the gauge parameters η → η + i 8 γ µν B µν ǫ, Λ → Λ +ǭγ λ γ 5 ψ λ we recover from the dictionary the component supersymmetry variation of [29] ,
New-minimal supergravity also admits an off-shell Lorentz multiplet (Ω µab − , ψ ab , −2V ab + ). The definition of this multiplet in terms of new minimal component fields (e a µ , ψ µ , B µν , V µ ) can be found in [32] . It may also be described by a vector superfield V ab transforming at the linearised level as
This may also be derived by tensoring the left Yang-Mills superfield V i (L) with the right Yang-Mills field strength F abi ′ (R) using the dictionary
The corresponding Riemann tensors including torsion terms, as defined in [32] , are given by
It then follows that the Yang-Mills equations in Lorenz gauge imply Einstein's equations in De Donder gauge.
Just as convoluting the off-shell Yang-Mills multiplets (4+4, N L = 1) and (3+0, N R = 0) yields the 12+12 newminimal off-shell N = 1 supergravity, so we expect that convoluting the off-shell general multiplet (8 + 8 , N L = 1) and (3 + 0, N R = 0) yields the 24 + 24 non-minimal off-shell N = 1 supergravity [33, 34] and convoluting (4 + 4, N L = 1) and (4 + 4, N R = 1) yields the 32 + 32 minimal off-shell N = 2 supergravity [35] [36] [37] [38] . The latter would involve Ramond-Ramond bosons from the product of left and right fermions.
Clearly two important improvements would be to generalise our results to the full non-linear transformation rules and to address the issue of dynamics as well as symmetries. Dynamics requires gauge-fixing and the inclusion of (anti)ghosts in the dictionary [10, 11] . According to [10, 11] the 12 + 12 multiplet splits with respect to superconformal transformations into an 8 + 8 conformal supergravity multiplet plus a 4 + 4 conformal tensor multiplet,
in terms of SO (3) representions. Since the left (anti)ghost is a chiral superfield the ghost-antighost sector gives a compensating 4 + 4 chiral (dilaton) multiplet [10, 11] , yielding old-minimal 12 + 12 supergravity [39, 40] coupled to a tensor multiplet, which, with the conventional 2-derivative Lagrangian, correctly corresponds to the onshell content obtained by tensoring left/right helicity states.
We might speculate that the supergravity ϕ µ , the left Yang-Mills V i (L), the right Yang-Mills A µ i ′ (R) and the spectator Φ ii ′ live in different worlds with their own Lagrangians. In this case the n-point correlation functions would factorize:
(Note that the alternative dictionary Φ ii
′ (R) would impose unacceptably strong constraints on the Yang-Mills fields.) One might then expect to find relations between spin s scattering amplitudes M (s) of the kind discussed in the double-copy literature [21] in the context of BCJ kinematic/color duality [16] [17] [18] 20] : 
